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Abstract 

I construct a complete 1-loop partition function of a bosonic closed string on orbifolds. 
Furthermore, I derive sufficient conditions for the modular invariance of the partition func- 
tion. 

1 Introduction 

Orbifold compactification models of the heterotic string are candidates for unified theories. 
In the string theory, modular invariance is necessary for consistency. But modular invariance 
of orbifold models is non-trivial. A modular invariance condition of orbifold models is naively 
the level matching IB]- in contrast, a free fermion model was built as another possibility 
[I]. Although the free fermion model is given by fermionizing all internal coordinates, the 
fermionization on orbifolds is restricted on the Z2 orbifold. Therefore we should consider the 
internal coordinates as bosonic variables so as to generalize the model to include general orbifolds. 
A 1-loop partition function of a bosonic closed string on orbifolds was constructed in the ref . • 
But I think that this partition function is not complete in the points explained in the text. In 
this paper I construct a complete 1-loop partition function of a bosonic closed string on orbifolds. 
Furthermore, I derive sufficient conditions for the modular invariance of the partition function. 

2 Preliminaries 

In this section I set up the framework for this paper. I consider a heterotic string compactified 
to four space-time dimensions. In the light-cone gauge, there are the following world-sheet 
degrees of freedom: eight transverse bosons X l (z,z), eight right-moving transverse fermions 
^(z) where i = 2, 3, . . . , 9, and sixteen left-moving bosons X^(z) where I = 10, 11, ... , 25. Here 
the world-sheet coordinates are z = e~^ CT +la > and ~z = e^ CT ~ m > . In this paper I particularly 
pay attention to the bosons X n where n = 4, 5, . . . , 9 (corresponding to six internal coordinates). 

An orbifold is obtained from flat space by the following identification under a discrete group 
G. An element g of G acts on the coordinates as a rotation 9 and a translation 2irR, 

g:X n ^9 nm X m + 2irR n , (2.1) 

where m,n = 4, 5,... ,9. Let N be the smallest integer such as 6 N = 1, then this orbifold 
is called a Zjv orbifold. It is convenient to change the basis of the coordinates so that the 
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rotation becomes a diagonal matrix. Then the real bosons X n become complex bosons (j) a 
where a = 1, 2, 3. In this basis, the action of g becomes 

where a is an integer, v a is a multiple of 1/iV in the Z^r orbifold, and £ is an element of a 3- 
dimensional complex lattice A. The lattice A must be invariant under the rotation diag(e 27 ™ , 
e 2mv ^ e 2mv -j go that or bifold is well-defined. av a is defined by av a = av a (mod 1) and 
< av a < 1. Then the elements of the group G are in one-to-one correspondence with the 
parameters cm and £, which are denoted by g(av,£). A representation of g(av,£) is defined by 

g^ 1 (mJ, £)4> a g(7rv, £) = e 2 ^™ 5 ~cb a + 2ir£ a , (2.3) 
and g(7w,£) is a unitary operator. 



3 Partition function 

In this section I construct the 1-loop partition function of the bosonic field ct> on the orbifold. 
The heterotic string theory contains only the closed string. The 1-loop world-sheet of a closed 
string is a torus. The torus is described by the identifications z = e 2m z and z = e 2mT z, 
where r is a complex number. Therefore the field cb a satisfies the periodic boundary conditions 
cp a (e 2m z, e~ 2m z) = cb a (z,z) and cp a (e 2mT z, e~ 2mT z) = <p a (z,z). On the orbifold, because of the 
identification under the group G, the following boundary conditions are allowed, 

cp a (e 2m z,e- 2lTi z) = g- l {av,£)cp a {z,z)g(av,£)i (3.1a) 
cp a (e 2mT z,e- 2mT z) =g- 1 (^,£')cb a (z,z)g(i^,£'), (3.1b) 

where a and (3 are integers and £, £' £ A. Then the partition function is given by 

N-1N-1 

Z <?) "EE Z W^l (3-2) 

q=0 /3=0 

with 

z ff( T ) = E E Tr {q H ^ e q^- e g(^, 0} , (3.3) 

l V 

where q = e 2mT , and Hav t i and Hmj,£ are left- and right-moving Hamiltonians respectively. 
Let ch^j t be a field which satisfies the boundary condition ()3.1a|) • Then I obtain 

fe(e 2 "z, e~ 2m z) = e 2 ^<f-^z) + 2vrf\ (3.4) 



In case of av a = 0, this field has the mode expansion 

oo 1 

cf^/z, z) = X a - ipl log z - ip a R log z + i V -(^z~ n + 1 \ a z n + ^z~ n + rf n a z n ), (3.5) 



n=l 



where I defined the left- and right-moving momenta respectively by 



pa fa 

Pl = P a + ^, P\ = P a -^ (3-6) 
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X is the center of mass position, and are the creation operators, and j3 n and (3 n are the 
annihilation operators. The commutation relations of these operators are 

[X a , P ib ] = [Xhpt\ = lXR, PS = iS ab , (3.7a) 

K» Pi"} = hm,ll b ] = ifaJl') = ll?n,ti b ) = ™5 mn 5 a \ (3.7b) 



where Xl an< ^ Xr are the left- and right-moving parts of x a , respectively. In case of av a ^ 0, 
on the other hand, the field c/>5— e has the mode expansion 

oo / na \ a 

^ - fa X ( 3 - 8 ) 

I yn+av— 1 n— av a +l _|_ ln—av -^n-av a I 

n + ai> a — 1 n — era a / 

The commutation relations of the creation and annihilation operators are similar to (|3.7bj) . 
Then, to satisfy the boundary condition 1)3.4(1 . x a must be a fixed point which satisfies 

e 2 ™<™V + 2vrr = X a - (3.9) 

Now I decompose the left -moving Hamiltonian H-q^^ into Hp^av^g and Hn-^tfu^ where Hp-^-^j^ 
depends on the momentum p L . Let the right-moving Hamiltonian Hcnj£ be similarly divided. 

Hav,£ = Hp-av^i + Hn;ov, Hav : £ = i?p;c«7,£ + #JV;cw- (3.10) 

Here 

H p .,av,i = p{o PL = (pt + J/2) o (p + £/2), (3.11a) 

H p;m>i = p R o p R = (pt - ?/2) o (p - £/2), (3.11b) 

(the symbol o is defined by x o y = X^a=i &av s fi xa y a ) 

°° 13 
-^Af;mj = y^{(n-cra) • iV n _c«7+ (n + era - 1) • N' n+ -^_ x } + t^" 17 ' (1 - aij) - y^, (3.11c) 

n=l - - 

oo 13 

H N] av = y^|(n + cra- 1) ■ iV n+ c«7_i + (n - era) • iV^^j + -era • (1 - era) - — . (3.11d) 



n=l 



N?,N' r a ,N? and iV; a are the occupation numbers defined as iV r a = ^ a /3^/r a , 7V*; a = 7^7? /r a , 
iV r a = /? r fa /^/r a and N' r a =jj. a ^/r a , but = iV a = 0. 
Now an element g M e ((3v,£') of the group G is defined by 



g^A(3v,n^Az,z) 9mj/ ((iv,i') = e 2 ^ a <^Az,z) + 2n£' a . (3.12 



up to an arbitrary constant This constant is a phase factor 



— 2 

f~lOLV,t 



1 I , because 



g—^f3v,i') is a unitary operator. In ref.0, this constant was chosen to be independent of £ 
and £'. But £ and dependence of this constant is necessary for convergence of the partition 
function 1)3.3(1 summed over all £ and £'. In this paper, therefore, I consider £ and £' dependence 
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of this constant. Now I divide g— £ (f3v,£') except this constant into a factor h p; av(f3v,£') which 
depends the momenta and the other factor h]y ;m j(Pv), 

9mj,i(^,n = C^,h p MJ^,nhNMM, (3-13) 

where 

) = exp j-27u(i' o p + £' o pt) J exp |2vri/5w o (tf L + K R )} , (3.14a) 

hN;-av(f3v) = exp ^2TTi(3v ■ (Jav + Jav)} , (3.14b) 

Kl = -i (xl P { a - pIx ] l) , *S = ^ (xfc# " Plxt) , (3.14c) 

oo oo 

J^=Y,( N n-^- N n+mj-l), 4 = EKVl-^n-4 ( 3 ' 14d ) 



n=l n=l 



In case of ot" ^ 0, x a must be a fixed point which satisfies 

so that the field ()3.8j) is transformed according to (|3.12|) . because there is no noncommutative 
operator to x a - 

Thus, the partition function ()3.3|) is given by product of two functions Z p ^(r) and Z^^(t), 

ZJ v (t) = Z p ™(t)Z n ™(t), (3.16) 

with 



EE C 0' Tr {q Hp ^ e q^- e h P MPv,f)} , (3.17a) 



£ I' 



Z n ^(t) = Tr {q HN ^q SN ^h Nmj (Pv)} . (3.17b) 

First, I calculate the function Z p ^(t). I consider common eigenstates of the operators 
Hp;av,i> Hp-av^ and h P] av((5v,£') so as to calculate the function Z p ^{t). In ref.jSj, these eigen- 
states are not discussed. But, if these eigenstates are not discussed then the function Z p ^{r) 
cannot be exactly derived. In this paper, therefore, I derive these eigenstates and their eigen- 
values. Let \p L ,p R )— be a common eigenstate of both operators p L and p R . This state is an 
eigenstate of both H p -av^ and H p; mj,£- But this state is not an eigenstate of h p - m j{f3v 1 £'), be- 
cause the operator e 2m Pvo(K L +K R ) j n h p -c^{l3v,£') rotate the momenta p L and p R of this state, 

Pi ( e»^+ K «) \ Pl ,Pr)J) = e^pl ( e ^^ + K B ) \p L ,p R )Ji , (3.18a) 



lav I ° r h \ \rLirKlav)i 

-a / 2ni0v~o(K L +K R ) | v \ _ a ( 2Tri]hJo(K L +K R ) 



Pr \p L , PR )^) = e^p% (e^*) |p L , . (3.18b) 

Therefore I consider linear combinations of the states, 

\pL°PL,pR~°PR,k)^ /l = -j= ex P ( 27r ^n) exp{2mn(3vo(K L + K R )} \p L ,p R )—, (3.19) 

v m n=0 
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where m is the smallest positive integer such that mf3v a = for Va (av a = 0, {jp\ ^ or p a R ^ 
0)), and k = 0, 1, . . . , m — 1. Let Aq be zero. In addition, let A^ satisfy 



1 m— 1 

- ex P (- 2 ^'An) exp (2vriA^') = 5 kk ' , (3.20) 



n=0 



so that these states ()3.19j) belong to the orthonormal system. These states are eigenstates of 
both Hp-av^ = p\° Pl an d Hp-av^g = Pr° Pr because of (|3.18a[) and (|3.18b|) . The operation of 
h p -av(0v,£') to these states becomes 

^ m— 1 

-= Y ex P ( 27 ™ A «.) ex P {-2ttz'(F o p + £' o pt)| exp |2vri^ o (tf L + i^)} 



n=0 

x exp{2vri^o (K L + -FG?)} \p L ,p R )— (3.21) 

_. m— 1 

= -= ^ exp (2tt»A*) exp {-2m (> o e^+^p + c.c.) } 

V 771 n=0 

x exp|27ri(n + l)/3uo (ET L + K iJ )J (p^p^)—, 

where A^ are 

Aj, = nA^ - {F o (e 2m ^ + e 2 "^" + • • • + e 2 "*) /) + c.c. } modi, (3.22) 

so that these states are eigenstates of h p -ca>(j3v,£'). Then the eigenvalue of h p - mj(f3v, £') is 
exp (— 2iti\' k ). If p a ^ then pi / or p a R ^ because of the relations (|3.ti[) . Therefore, if 
p a ^ then m(3v a = owing to the definition of m. Then, if /3v a 7^ then the summation 

e 2mf3v + e 27ri2(3v _j |_ ^imfiv ig zerQ _ Q n the Qther h&nd) if ^ = Q t h en ^ summa tion is 

m. Thus A^j are 

A^ = m\' k - m{£! • p + £' •p) modi, (3.23) 

where the symbol • is defined by x«y = Yla=i ^m^fi^a^ o xa U a - m ust be equal to Aq modulo 
1 (Aq = 0). Hence X' k are 

\> k =I.p + £>.p + ^, (3.24) 
m 

so that A^ satisfy the orthonormal condition ()3.2Uj) . 

In the function Z p ^(r), the parameter k is included in the eigenvalue of only h p] av(f3v, £'). 

Therefore, in the trace in Z p ^(t), the eigenvalues of only h p - avifiv, £') are summed over k, 

v- 1 f (s n, feM fexp{-27r?(F.p + f •p)\ (m = l) 

> exp <^ -2vri ^'•p + /«p+ — H = ^ 1 V ;/ V ; . (3.25 

^0 I V rn)i \ (m>l) 1 ^ 

Hence only the states of m = 1 contribute to Z p ^{r). In the states of m = 1, pj = p 1 ^ = 



for Va (au a = 0, /3t> a / 0) because of the definition of m. li p a L = p a R = Q then p a = i a = 
owing to the relations (|3.6|) . Therefore only the states of p a = £ a = for Va (at> a = 0, (3v a 7^ 0) 
contributes to Z p ^{r). Since p is the vector in av a = space, only p in ot° = (3v a = space 
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contributes to ZJ^(t). I write the momentum in av a = (3v a = space as p . In addition, the 
set of such I as contribute to Z p ^{r) is 

Ay|J = {£ \£ e A, Va (5w* = 0, 0u» / 0), l a = } . (3.26) 

In case of av a ^ 0, if (3v a = then £' a = because of the fixed point condition (|3.15j) . Therefore 
the set of such £' as contribute to Z p ^(r) is 

A e ,™L = {£' \£' e A, Va / 0, ^ = 0), £' a = } . (3.27) 

But all elements of A^ and A^-^ do not necessarily contribute to Z p ^{r), because x 
satisfied to the both conditions (|3.9j) and (|3.15|) must exist. In ref. 5_, it is not considered that x 
must satisfy the both conditions (|3.9|) and (|3.15|) . But, if it is not considered then the function 
Z P j^(t) cannot be exactly derived. In this paper, therefore, I introduce the factor 



1 (3 X , Va (^ ^ 0, (3v a ^ 0), e 27Tiava x a + 2nf a = e 2 ^ v " X a + 2ir? 
(otherwise) 

(3.28) 

In addition, H p -av^ = (p Q + £/2) • (p + £/2) and B. p -^^ = (p — £/2) • (p — £/2), because 
av a = 0, j3v a components of p and £ are zero, Thus the function (|3,17aj) becomes 

^W^'W (3.29) 



X / ^p ^^ g (Po+^/ 2 )«(Po+^/2)g(Po-^/2)»(Po-^/2) e -27ri(^.p +£'.^) ) 



where d is the dimension of av a = (3v a = space. The av a ^ or /3f a ^ components of £ and 
contribute to only the factor £^'f C-^'f, in Z ^(r). Therefore I sum up this factor over £ and 

J ^f3v,£' /3v,£' Ppv v ' r 

I 1 whose av a = [5v a = components are fixed. 

B Si= Z £ S' C S- (3 - 30) 

where £q and £' Q are the vectors of £ and £' respectively projected onto av a = [3v a = space, 

A^po) = {i \i € A^f , Va (55* = ^ = 0), T = *g } , (3.31a) 
A*'f «,) = ^ e A^gf, Va (5^ = ^ = 0), £ /a = C } . (3.31b) 

C^\, must be such constants as -B-^'f, is convergent. Therefore £ and dependence of this 
constant is necessary for convergence of Z p ^{r). Then the function (|3.29j) becomes 

Z P?f( T ) = E E B tA\ [ d^ d%^0+^/2| 2 g|p -4/2| 2 e -2 m (^.p 0+ £ ;) .^) ) (3 _ 32) 

4eA, f^eA,, fI 



where A-mjj^ and A^ ^ are the lattices of A^^ and A-t'Ojj^ respectively projected onto at> a = 
(3v a = space. Since £q, £' and /0 are the vectors in av a = {3v a = space, the product of these 
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is xq • yo = xq ■ yo. In particular, in case of av a ^ or (3v a ^ for all o, the function (|3.32j) 

reads 

because p , £$ and £' do not exist. Thus I have derived the function Z p 2£(r). 

In case of the toroidal compactification (a = /3 = 0), A^/qq = A because of (|3.27|) . Therefore, 
if By'p do not depend on £' then the summation over £' in the function (|3.32|) is 

e -2«(W« = y At 5(p - (3.34) 

where A* is the dual-lattice of A, and Va* is the volume of a unit cell of A*. Hence, only p Q 
included in A* contribute to the function Z P q(t). Therefore only the invariant states under 
h p] av((3v, £') contribute to the partition function, because if p £ A* then the eigenvalue of 
h p - av(/3v, £') is e~ 27r ^o'Po+V/>o) = 1. In the orbifold compactification, however, we must also 
consider states which is not invariant under h p] av((3v, £'). The factor e -27n ^o' p o+VPo) is necessary 
for modular invariance of the partition function (see the next section). 

Second, I calculate the function Zn^{t). The function Zjvjg(r) can be derived by calculat- 
ing the trace in this function (|3.17b|) by attention to N^ a = Nq = 0, 

3 oo ( , 



a=l n=l 



' ,n e —2wipv a ^ 



+ (1 5 av a ) 



, l ii—nr" f ,2wi:li M \ ( ^ n+av a — lg— 2n ■/. 



(3.35) 



Thus I have derived the function Zm^-(t). 

I have shown that the partition function Zj^(r) is given by product of the functions ()3.32j) 
and ()3.35|) . Finally, I conclude that the complete total partition function Z(t) is given by 
summation of the function Z^-(t). 

pv v ' 

4 Modular invariance conditions 

In this section, I derive modular invariance conditions of the total partition function Z(r). The 
modular transformation is composed of the following two transformations: the one is r — > t + 1 
called T-transformation, the other is r — ► — 1/r called S-transformation. 

4.1 T-transformation 

First, I calculate the T-transformation of the functions ZJ^-(t), Zm^-(t) and Z^-(t). In case 

rpv v ' pv v ' fjv v ' 



of av a = (5v a = for some a, the T-transformation of the function (|3.32[) becomes 
Z P ^(r + 1) 

^ ' e ° [ ^p Q( i^ e 2 ^( T + 1 )l/ 9 0+ £ 0/2|%-27ri(r+l)|p -^/2| 2 e -27ri(^p +^-^) 

V V B—'^ [ ^p ^gl^ + ^/ 2 l 2 g^o-^/2| 2 e -27rH(VM- Po +(^-£o)-^} > ( 4il ) 
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If fig'* = 1 then £' a - £ a = at av a / 0, /fe a -qw" = because of (l3~28l) . Therefore, if 

&t = 1 then I'-le AtW owing to (HOTll . Hence, let be £' n - 4, then £" 6 . 

In addition, A«i§^ = A/> n ^ because of (I3.26I) . Thus this T-transformation becomes 

: 7^ f7 IPo+^o/2| 2 77 |p -^o/2| 2 p ~2 7 ri(^.p +£[ ) '-7^) 



(4-2) 

I assume the condition B^ ,e ° = Ft B 1 ™^ for all £q and £q, where Ft is a constant. Then 
this T-transformation is Z d ^-(t + 1) = FtZ ^ (r). This constant is Ft = B^-'^/B^^- — „, 

H pv y ' ^pv—av y I ± j3v,0' f3v—av,0 

because if in = £'/, = then B^'° = FtB^^- — . Then this T-transformation is given by 

u u f3v,Q (3v-av,0 ° J 



Z™( T + 1) = J*"' Z™ (r). (4.3) 



/3v—av,0 



The condition B^ ,e ° „ = Ft B^' 1 " ... becomes 

/3v,£%+£o /3v-av,e'^ 



[3v, fiv— avfl 



In case of av a ^ or f3v a ^ for all a, the function ()3.33j) are transformed equally as 1)4.3)1 . 
Thus I have derived the T-transformation of the function Z„^-(t). 

r pv v ' 

The T-transformation of the function 1)3.35)1 can be easily calculated, 



Z N f v {T + l) = Z N ^{T). (4.5) 
ation of the function . 

By using the transformations 1)4.3)1 and 1)4.5)1 , the T-transformation of the partition function 



Thus I have derived the T-transformation of the function Zm^-(t). 



B av,0 



Z™( T + 1) = Zg- (r). (4.6) 



(3v—av,0 

Thus I have derived the T-transformation of the partition function Z^(t). 
4.2 S-transformation 

Second, I calculate the S-transformations of the function ZJ^-(t), Zm^-(t) and Z^-(t). In case 

^ pv v ' pv v ' pv v ' 

of av a = (3v a = for some a, by integrating over p , the function 1)3.32)1 becomes 

7 ax(~\ — * \ " \ " R am, to 

*f>fhV> ~ ( 2T2 )d 2^, 

x exp {--(|r| 2 |£ | 2 - n4 • £ - n£o • ^ + K?) 
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where r = t\ + iT2- The S-transformations of t\ and t 2 are n — > — ti/|t| 2 and T2 — ► T2/|t| 2 . 
Therefore the S-transformation of the function (|4.7f) becomes 



ry av I 



■1/r) 



I |2 \ ^ 

2t 2 J ^ _ fa A 



(4.8) 



7T 



T2 



2 1 111 1 2 



x exp <^ \£ \ 2 + n£o ■ i' + n4 ■ £' + |r| 2 K; 



I change £q and £q to — £' and respectively. Then £$ £ A^/q^ = A^o^— and £g G A 



av 



A^ ^L- because of (|3.26j) and (|3.27j) . Thus this S-transformation becomes 



ry av I 



\2\ d 



w = (£J E E 



(4.9) 



x exp { -- ( |r| 2 |£ | 2 - n£ ■ £' - n £ ■ £' Q + \£' Q \ 2 



I assume the condition B—\ 

pv,£o 



IT 
T-2 

p gpvjj) £ Qr £ an( j £i w h ere p s [ s a constant. Then 



this S-transformation is Z™(-1/t) = F s |t| m Z p ^_ (r). This constant is F s = B™'"/B^„ 

yfjv y 1 ' ^—av y ' u /3v,0 — av,0 



,av,0 1 Tjf3v,0 



because if £q = £' Q = then B^'° = FgB^— . Then this S-transformation is given by 



f3v,0 



avfi 



B- 



av,0 

\n-\2dy ~0v 



Z™(-1/t) = -^^\r\ 2d Z p ^(r). 



B 



(4.10) 



-cre,0 



The condition B^' £ ° = FsB^^P , becomes 



B 



/3v,e 



B- 



/3vA> 
-av,£' n 



B- 



av,0 



B- 



/3v,0 



(4.11) 



-av,0 



In case of av a ^ or f3v a 7^ for all a, the function (|3.33f) are transformed equally as Q4.1UJ1 
because of d = 0. Thus I have derived the S-transformation of the function ZJ^-(t). 

r fjv x ' 

Now I rewrite the function (|3.35j) with the Dedekind eta function r/(r) and the theta function 
$(v,t). The Dedekind eta function and the theta function are defined as 



V (r) = gV* J](l _ q r 



n=l 



0( Ul T ) = f[ (1 - q n )(l + e 2 ™ V~ 1/2 )(l + e" 2 ™ V" 1 



(4.12a) 
(4.12b) 



n=l 



Then the function Zm^-(t) becomes 

[3v y ' 

r/(r) 



-&{{-av a + 1/2)t + /3v a + 1/2, r) 



(4.13) 
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The S-transformation of the function ([4.13ft can be calculated by using the formulas t/(— 1/t) 
(-ir) 1 /2 r? ( r ) ) &(- u ,t) =0(u,t) and #(v/t,-1/t) = {-ir) l l 2 e™' '/ t 0(v,t), 

0=1 ^ ' ' 

+ , ■ 2 — + C 1 - ^oX 1 - feo) f Z N^Jj) 

4 sin 7rau a M ' 



■ fZjy^r), (4.14) 



/fe 1 'F.J 1 '- 



F- 

—av 



where 



F W = II {^,o(! - feo) 4sin2 ^ a + fesofeo + C 1 " <*£F,o)} • ( 4 -!5) 

a=l 

is I have derived the S-transformation of the function Zm^-(t). 

pv K ' 

By using the transformations (|4,1U|) and (|4.14() , the S-transformation of the partition function 



z jfj( T ) is g iven b y 

Z^i-l/r) = -J^ J^Z^Ur). (4.16) 

— av,0 —av 

Thus I have derived the S-transformation of the partition function Z~(t). 

pv 

4.3 Modular invariance conditions 

Finally, I derive the modular invariance conditions of the total partition function (|3.2j) . By using 
the T-transformation (|4.fij) . the T-transformation of the total partition function Z{j) becomes 

N-XN-X B—'° 

Z(t + 1) = 4- Y Y J v '° Z^—(t). (4.17) 

v ' jy / j / j -notvfi /3v-av y I y ' 

a=0 ,3=0 fiv-avfi 

I find that the condition B^' = B^— — implies T-invariance of Z(t): Z(t + 1) = Z(t). By 

pv,0 pv—av,0 

using this condition, the condition (14.41) becomes B—'^° = B av '^° ... In fact, the condition 

pv,£A+£o pv—av,tQ 

B^-'l?. . = B ™^ „,, includes the condition B^'° = B^^- — „ itself as a special case. 

/3v,£%+£ /3v-av,£% fivfi /3v-av,0 L 

Similarly, by using the S-transformation (|4.16|) . the S-transformation of the total partition 
function Z(t) becomes 

N-XN-l F^ 

Z(-1/t) = -yy M lg Z*L-{t). (4.18) 

I find that the condition B^'^F-^ = B^^ n F^— implies S-invariance of Z(t): Z(—1/t) = Z(t). 

f3v,0 /3v —av,0 —av r \ / \ I / \ / 



By using this condition, the condition (14.111) becomes B—\ °F^ = B—^K.F——. In fact, the 

J ' * /3v,£o P v —av,£ -av 

condition B^'~ £ '°F^ = B^l° el F^— includes the condition B™'°F^ = b^-F^L- itself as a 

/3vfy pv —av,£' —av /3v,0 pv —av,0 —av 



special case. 
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Thus I have derived sufficient conditions for the modular invariance of the total partition 
function are 

5 Summary and remarks 

I have constructed the complete 1-loop partition function of a bosonic closed string on orbifolds. 
In particular, I have paid attention to the following points: the £ and £' dependence of the 
constant C^'^, the derivation of the eigenstates and eigenvalues of the operator h p -av(Pv,£ r ), 

and existence of the fixed points which satisfy both conditions (|3.9|) and (|3.15|) . Furthermore, I 
have derived sufficient conditions (|4.19f) for the modular invariance of the total partition function. 

In this paper, I particularly discussed the six internal coordinates in the heterotic string. If 
this argument is adapted to sixteen left-moving bosons (corresponding to sixteen internal coor- 
dinates) in the heterotic strings, it is expected to derive higher level current algebras naturally 
jS] . The higher level current algebras are necessary for grand unified models in the 4-dimensional 
heterotic string [5] . I think that the £ and £' dependence of the constant C^'^, is necessary for 
modular invariance of the left-moving bosons on orbifolds. 
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